Measuring the elements of the optical density matrix by Pregnell, K L & Pegg, D T


































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2FIG. 1: Apparatus for measuring the density matrix elements
of light. BS1 and BS2 are beam splitters. The eld to be
measured and a reference eld in a coherent state are in the
input modes c and a of BS1 and BS2 respectively. A vacuum
is in the input mode b and photon counters are in the output
modes. Phase shifter PS adjusts the phase of the coherent
state.
(2.1) and (2.2) suggests that if we could nd a POM ele-
ment equal to the operator jN ihM j then we could nd the
matrix element 
MN
simply by measuring the probabil-
ity P (e). This of course is not possible as the probability
must be between zero and one but the matrix element
need not even be real. However if we could synthesize
the operator jN ihM j by a linear combination of dierent
POM elements then we could nd the matrix element
from the same linear combination of the associated mea-
surable probabilities. We adopt this operator synthesis
approach in this paper.
The proposed measurement technique uses the ar-
rangement shown in Fig. 1. It consists of two symmetric
beam splitters labelled BS1 with input modes b and c
and BS2 with input modes b and a. BS2 is a 50/50 beam
splitter but we keep the transmission to reection coeÆ-







. The input elds in
modes b and a are respectively in a vacuum state j0i
b
and
a coherent state ji
a
. The optimum value of the ampli-
tude of the coherent state will be discussed later. The
eld to be measured, in state ^
c
, is in the input mode
c of BS1. In the entry port of BS2 is a phase shifter
PS capable of altering the phase of the coherent state,
thereby changing the argument of the coherent state am-
plitude. We let the amplitude of the coherent state be
 = jj exp(i') at the entry of BS2, that is the argument
' of  incorporates the phase shift. We let ' be a func-
tion of two numbers  and j, that is ' = '(; j), that
will be specied later.
For simplicity, we assume that the distance between
the beam splitters is an integer number of wavelengths
of the light, which allows us to ignore the evolution of the
light, which is just a phase shift, between the beam split-
ters. If this is diÆcult experimentally, the discrepancy
can be oset by an adjustment of the phase shifter. The















are the unitary operators for the action of beam































































where we have written the combined density operator for










and, as the subscripts imply, the trace is over the state
spaces for all three modes. The subscript j on the prob-
ability in (2.3) is to show explicitly that the probability
is a function of the argument '(; j) of , that is, it is
a function of the setting of the phase shifter. Using the






















































(e) is an element of the POM
for the measuring device that comprises all of the ar-
rangement depicted in Fig. 1 except for the eld to be




(e) are not nec-










) is not necessar-
ily zero for e 6= e
0
. The origin of the non-orthogonality
is the introduction of the two reference modes a and b.
The eect of these two ancillary modes is to cube the
dimensionality of the system space. In considering the
measuring apparatus to consist of everything in Fig. 1
except the state to be measured, we eectively reduce
the apparatus to a single mode measuring device with
many more POM elements than the dimensionality of
the single mode. This means that the POM elements
cannot all be orthogonal to one another.
Our aim is to nd a linear combination of POM ele-
ments equal to the operator jN ihM j. It is convenient to
write this operator as jN ihN + j and consider separately
the cases where  is even and odd. We examine rst the
case where  is even. Consider the particular detection
event e
1







detect =2, =2 and N photocounts respec-
tively. As shown in the Appendix, this turns out to be

















3where cos  = t and sin  = r are the transmission and re-




for the 50/50 beam split-
ter BS2 is a similar function of a^ and
^
b with  = =4.








































if n  N is even and f
n
= 0 if n   N is odd. The POM





















The terms with n m odd are all zero.
For  = 0 we nd from (2.11) that the POM element in
(2.6) is just proportional to jN i
c c
hN j, allowing us to nd
the diagonal elements 
NN
of the density matrix from the
probability of detecting the event (0; 0; N ).









and consider a modied measurement procedure in which
 is held constant but the value of j is cycled so that it
takes all the integer values from 0 to (=2) 1 with equal
probability. This measurement procedure will have its









(e) because it describes a dierent measure-
ment process. The POM element for detecting the event
e
1





































The associated probability can be obtained in practice
from the occurrence frequency of the event e
1
as we cy-
cle through the values of j with the experiment being
repeated an equal number of times for each value of j.
Because we need only consider terms in (2.13) for which
n m is even, we can take the factor involving the sum-
mation over j as zero unless n m is zero or , in which























hN + j+ h:c:]:(2.14)
By choosing dierent values for , we obtain dierent
cycling experiments, each with its own POM. Experimen-
tally this means cycling through a dierent set of phase
settings. It is not diÆcult to see from (2.14) that a lin-






) with  taking
the values 0, 1, 1/2 and 3/2 is required to synthesize the
operator jN ihN + j. Specically,


























































is a normalisation constant with a
n
= hnji.
Taking the trace of the product of the density oper-
ator ^
c
of the eld to be measured with both sides of










































To nd the density matrix element for  odd, we con-
sider the detection event e
2
= [( + 1)=2; (   1)=2; N ],
which is shown in the Appendix to be the optimum de-
tection event for this case. A derivation similar to that




















In (2.18) n  m takes all integer values from + to  .
We consider a measurement procedure where  is held
constant but j takes all values from 0 to  1 with equal






) for detecting the
event e
2





































The factor involving the summation over j is zero unless
n m = 0 or  and is then equal to . We nd that the





) for detecting the event
e
2























































We note the number of phase settings required for each
experiment for the odd- case is about twice that re-
quired for the even- case with a similar value of .
The number of experiments needed for the odd- case
can, however, be reduced by a factor of two as follows.
While measuring the probability for the event e
2
, we
can also measure the probability for another event e
3










only need two experiments with dierent values of  to
obtain all four terms in the numerator of (2.20).
III. SOME PRACTICAL CONSIDERATIONS
To illustrate the viability of our proposal we shall, in
this section, show the extent to which physical imperfec-
tions, such as a noisy local oscillator, detector ineÆciency
and dark counts, can be ignored or compensated for in a
practical experiment.
A more general measurement scheme would have an
arbitrarily mixed reference state at the input of mode a
in Fig. 1. That is ji
a
, with  = jj exp(i') at the











'). This could represent, as
a specic example, a noisy local oscillator. Following the
derivation outlined above, it is straightforward to show






tions (2.16) and (2.21) with the density matrix element
h0j^
a
ji. This is interesting because it shows how the
density matrix element hN+j^
c
jN i of the unknown eld
can be obtained directly from the density matrix element
h0j^
a
ji of the reference eld. Thus, provided we know
the noise characteristics of the reference state, we do not
require it to be a noiseless coherent state, or indeed any
particular pure state, to use it to nd the density matrix
TABLE I: Truncated density matrix for a coherent state with
a mean photon number of 0.5.
0.6065 0.4289 0.2145 0.0870 0.0336
0.4289 0.3033 0.1517 0.0615 0.0238
0.2145 0.1517 0.0759 0.0308 0.0119
0.0870 0.0615 0.0308 0.0125 0.0048
0.0336 0.0238 0.0119 0.0048 0.0019
TABLE II: Simulation of measured density matrix for a co-
herent state with a mean photon number of 0.5 and detector
ineÆciency  = 0:9
0.6592 0.4195 0.1888 0.0692 0.0220
0.4195 0.2967 0.1335 0.0489 0.0161
0.1888 0.1335 0.0668 0.0244 0.0081
0.0692 0.0489 0.0244 0.0100 0.0033
0.0220 0.0161 0.0081 0.0033 0.0013
elements of the unknown eld. So we nd in general that
a noisy local oscillator can easily be used in the mea-
surement scheme. A problem arises, however, if h0j^
a
ji
is vanishingly small in that the measured probabilities
will coincide with rare events as indicated by (2.17) and
(2.20). This is the case when phase diusion in the lo-
cal oscillator is prominent, eectively diagonalizing the
density matrix ^
a
and removing all phase information.
This can be avoided if both the reference eld and the
measured eld, ^
c
, are derived from a common source,
a technique commonly exploited in experiments of this
kind.
Another practical issue concerns the extent to which
ineÆcient photodetectors degrade the reliability of the
measured data. The eect of ineÆcient photodetectors
is to make the measurement process uncertain. For a
given detector eÆciency , the probability of detecting n
photons, p
n
(), is related to the probability of detecting




















To illustrate what eect ineÆcient photodetectors have
on the outcome of the experiment, some numerical calcu-
lations were performed for a low intensity coherent input
state with a mean photon number of 0.5. An example of
the results are summarized in Tables I and II, where the
measured density matrix is displayed for a detector eÆ-
ciency of  = 0:9. The reference state used in each simu-
lation was a coherent state with a mean photon number
of jj
2
= 0:5. As expected, as the eÆciency decreases the
relative error in the individual matrix elements increases.
Fortunately it is possible to invert equation (3.1) through
a Bernoulli transformation and recover the exact proba-
bilities from the detection statistics with suÆciently good
5detectors [19]. This would allow accurate reconstruction
of the density matrix.
In addition, for weak elds in the quantum regime,
with suÆciently long gating times, dead times need not
be signicant. If dead times are signicant, more sophis-
ticated detection methods are required for photon num-
ber discrimination, such as replacing each detector with
a multiport device such as described in [20].
So far we have not specied the value of jj or t=r.
The optimum values of these should maximize the de-
nominators of (2.17) and (2.20), thereby avoiding quo-
tients of small numbers. We nd that the optimum value
of jj
2
is =2 and that of (t=r)
2
is 2N=. As these are
optimum values only, they need not be changed for the
measurement of each matrix element and a reasonable
compromise value should suÆce, for example, for weak
elds where the spread of values of N and  is not large.
While the method proposed in this paper can be used
to measure any individual density matrix element, it is
not necessary to perform the same number of cycling ex-
periments as matrix elements to nd the density matrix.
The matrix elements hN+j^
c
jN i and their complex con-
jugates for all values of N can be found from the same
four cycling experiments. Also many phase settings can
be used as parts of dierent cycling experiments, allow-
ing further eÆciencies. For example the setting '(; j)
= =2 can be used for  = 0, j = 1,  = 4 and  = 0,
j = 2,  = 8 as well as for  = 1, j = 0,  = 2 and so on.
IV. CONCLUSION
In this paper, we have extended the method of projec-
tion synthesis [21], in which a projector is synthesized by
use of an exotic reference state, to a more general tech-
nique of operator synthesis in which an operator is syn-
thesized by a linear combination of POM elements. This
provides a nonrecursive method for measuring individual
density matrix elements of a light eld. Remarkably, the
technique is reasonably simple, involving only two beam
splitters and a reference eld which can be in an easily-
prepared coherent state. In particular, for states that can
be represented in a nite dimensional Hilbert space, this
technique appears simpler than the tomographicmethods
in that only a nite number of dierent measurements
are required to ascertain the complete density matrix.
We have shown how detector ineÆciency can be allowed
for and have considered the eect of noise in the local os-
cillator. We found that the local oscillator noise can be
readily accounted for provided we know the correspond-
ing mixed state description of the local oscillator. Inter-
estingly, our method allows the density matrix elements
of the unknown eld to be obtained quite simply from the
density matrix elements of a noisy local oscillator eld,
even when the unknown eld is in a pure state.
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where a and b are the annihilation operators for the in-
put eld modes, it can be shown that the beam-splitter













































where t and r are the transmission and reection co-
eÆcients of the beam-splitter. In the case of BS2, a
50/50 beam-splitter, t = r = 1=
p


































































































































and using an equivalent








































































6where we have left the transmission and reection coef-
cients of BS1 as t and r. Finally, projecting onto the



































































[(+ 1)=2; (  1)=2] exp[i(N +  m)'](A10)



























































































in (A11) is replaced by h0j^
a
ji exp( i').
It is not diÆcult to see that the modulus of (A11) is
maximized when n
a
= =2 if  is even and when n
a
=
(  1)=2 if  is odd. Thus the quotients in (2.17) and
(2.20) will have optimum numerators and denominators
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